We calculate the quasi-normal modes of black holes localized on a 3-brane of finite tension embedded in six-dimensional flat spacetime. Using the WKB approximation, we obtain the frequencies of scalar and gravitational perturbations both analytically and numerically for arbitrary brane tension. We thus extend earlier analytical results which were derived for a brane of small tension.
I. INTRODUCTION
Next to Hawking radiation, quasi-normal modes (QNMs) are an important signature to look for when searching for black holes. They represent the damped oscillations under the effect of perturbation to the black-hole background. The oscillation occurs at characteristic frequencies that are complex numbers whose imaginary parts represent the damping.
QNMs have been studied extensively in the context of four-dimensional asymptotically flat spacetime (see [1, 2] for general reviews of the earlier work on the subject). However, when it comes to detection, neither signature has been observed yet and only indirect evidence has been used to infer the existence of astronomical black holes. Nevertheless, gravitational wave observation to be hopefully achieved by projects like LIGO should offer a chance to detect QNMs in the near future.
Aside from astronomical interest, QNMs have been gaining attention recently for several reasons. The study of QNMs can shed light on the AdS/CFT correspondence (see, e.g., [3, 4]) and is relevant to the Barbero-Immirzi parameter [5, 6] of loop quantum gravity [7, 8, 9] . In addition to these considerations, in brane-world models with large extra-dimensions [10, 11, 12, 13] gravity is much stronger than observed, and the production and evaporation of mini black holes becomes a viable possibility at the LHC [14, 15, 16, 17, 18] (see [19] for a recent review). QNMs may then be observed at the LHC via the detection of the decay products of these mini black holes which will include Standard Model particles [20, 21, 22, 23, 24] .
In most of the literature so far regarding black holes localized on branes, the tension of the brane has been assumed to be negligible. This is hardly due to physical requirements, but rather due to lack of knowledge of solutions to the Einstein equations accommodating finite brane tension. An interesting solution which does incorporate tension was constructed in [25] . It describes a black hole residing in a tensional 3-brane embedded in six-dimensional locally flat spacetime. A numerical study of its properties was performed in [26] . As the black hole evaporates, it was found that the power emitted in the bulk decreases as the brane tension increases. Thus for high tension the semi-classical approximation becomes more reliable. Analytical results concerning the quasi-normal modes of scalar perturbations were derived in [27] to first order in the brane tension.
A major impediment to the analytical study of finite tension effects is the angular part of the wave equation as analytical solutions are not available for the metric of interest.
In our work we intend to close this gap and obtain analytical expressions which are valid for arbitrary brane tension. In detail, in section II we solve the angular wave equation analytically for finite tension, thus extending the first-order results of ref. [27] . We also show that our analytical expressions are in agreement with the numerical results of ref. [26] .
In section III we calculate quasi-normal modes of scalar, electromagnetic and gravitational perturbations and discuss the dependence of their frequencies on the brane tension. Finally in section IV we summarize our conclusions.
II. THE FLOW OF EIGENVALUES
The metric of a black hole residing in a tensional 3-brane embedded in six-dimensional spacetime is given by [25] 
where the angle element is
For b = 1, this is the line element of the unit sphere S 4 . It corresponds to zero brane tension.
For non-vanishing tension, the parameter b < 1 is a measure of the deficit angle about an axis parallel to the 3-brane in the angular direction ψ, such that the canonically normalized angle ψ ′ = ψ/b runs over the interval [0, 2π/b]. It may be expressed as
in terms of the brane tension λ and the fundamental Planck constant of six-dimensional gravity M * .
The radius of the horizon is given by
where M BH is the mass of the black hole. Evidently, the tension of the brane modifies the radius of the horizon; it increases with increasing tension (b → 0).
Let us now consider perturbations around the background defined by the metric (1).
First, we consider scalar perturbations which are simpler and then discuss electromagnetic and gravitational perturbations in the same manner.
The field equations of a scalar perturbation separate into a set of angular equations
and a radial equation that can be cast into the Schrödinger form [28] 
where Ψ(r) = R(r)/r 2 , and R(r) is the radial part of the solution, in terms of the "tortoise" coordinate r * defined by dr dr * = f (r) (
which defines the "tortoise" coordinate r * . The effective potential
depends on the angular quantum number η 3 (eq. (5)). Therefore, in order to solve the eigenvalue problem (6), we ought to first solve the system of angular equations (5).
The issue of finding the eigenvalues {η i , i = 0, . . . , 3} of the angular equations (5) was addressed numerically in [26] and analytically (perturbatively to first order in the tension
Here, we obtain exact analytical expressions of the eigenvalues as functions of the brane tension (arbitrary b). To this end, we first consider the special case
This set of special points includes high tension. Zero tension corresponds to the first point (N = 1, b = 1) and maximum tension (b → 0) is an accumulation point of the set. By restricting attention to the set (9), the eigenvalue problem reduces to one solvable by regular spherical harmonics.
The last angular equation (5) is easily seen to yield the eigenvalues
For definiteness, let us restrict attention to m ≥ 0. Negative values of m can be treated similarly.
Working our way up, we note that for b = 1 (regular sphere), the eigenvalue η 1 may be written as η 1 = ℓ 1 (ℓ 1 + 1), where ℓ 1 is an integer. We also have η 0 = m ≤ ℓ 1 . It is easily seen that for a general b of the form (3), η 1 is similarly given by
Notice that λ 1 ≤ Nℓ 1 and so η 0 = mN ≤ Nℓ 1 , which is the maximum value of λ 1 .
Going up to the next equation, we obtain the eigenvalue η 2 as
reducing to the standard result on a three-sphere η 2 = ℓ 2 (ℓ 2 + 2) with integer ℓ 2 when b = 1.
Finally, at the top of the ladder, we obtain the eigenvalue
reducing to the standard result on a four-sphere η 3 = ℓ 3 (ℓ 3 + 2) with integer ℓ 3 when b = 1. continuation. We have verified their validity numerically using the Milne-spline method [29] by least-square fitting the numerical results to the exact analytic expressions which resulted to a perfect fit. Figure 1 shows the flow of the eigenvalue η 3 with brane tension (as we vary b). It also demonstrates that our analytical expression for η 3 (13) reproduces the numerical results of ref. [26] . Moreover, it is easily seen that (13) agrees with the results of [27] to first order in the tension (
Turning to other types of perturbation, we note that the angular equations differ slightly from the set of scalar equations (5). For vector and tensor perturbations, η 3 ought to be replaced by η 3 − 1 and η 3 − 2, respectively. The radial equations may still be written in the Schrödinger-like form (6) but with different effective potentials [28, 30, 31] . Scalar, electromagnetic, as well as vector and tensor gravitational perturbations are described by the effective potential
where p takes on values depending on the type of perturbation: 0 for scalars and tensor gravitons, 2 for gravi-vectors, 1/2 for gauge vectors and 3/2 for scalar reductions of bulk vectors.
On the other hand, the effective potential for scalar gravitational perturbations is given by [28, 30] :
where
We shall use the form of the potential (14) and (15) to calculate the quasi-normal frequencies for the corresponding perturbations in the next section.
III. QUASI-NORMAL FREQUENCIES
Having obtained an exact analytical expression for η 3 (13) valid for arbitrary brane tension (0 < b ≤ 1), we may solve the radial equation (6) with the effective potentials (14) and (15) for the various perturbations to find the corresponding quasi-normal modes. In [27] the third-order WKB approximation was used to obtain the quasi-normal modes of scalar perturbations. We will extend their results here by including scalar, electromagnetic and gravitational perturbations and deriving expressions which are valid for arbitrary brane tension.
The third-order WKB formulas suitable for calculating black hole quasi-normal modes were worked out in [32] . The frequencies are given by
2 ) (16b) 
and
with r p being the peak of the potential. Sample numerical results using the above formulas for the various types of perturbation (defined through the effective potentials V 1 (14) and V 2 (15)) are shown in Tables I and II. We may also obtain explicit analytic expressions for the frequencies by expanding in inverse powers of the angular momentum quantum number ℓ 3 . We obtain
where the leading contribution is given by in terms of the radius of the horizon (4) and the angular quantum number λ 3 (13) . It is independent of the type of perturbation and reduces to the zero tension result (Schwarzschild black hole) [33] 
for D = 6.
The first-order correction in (17) is given by
for perturbations governed by the effective potential V 1 (r) (eq. (14)), and by
for scalar gravitational perturbations governed by V 2 (r) (eq. (15)).
It should be pointed out that the first-order WKB estimate [34] [27] . We set ℓ 3 = 5, µ = 2. Table III where we see that while the two cases agree perfectly on the imaginary part of the frequencies for any tension, the real part is over-estimated in the perturbative calculation of [27] at high tension (small b). At the other end of the spectrum (vanishing tension, b → 1), frequencies become degenerate, as expected, because spherical symmetry is restored in the absence of a brane (Schwarzschild solution). Figure 4 shows the dependence of the fundamental frequency on the type of perturbation.
The graphs are in agreement with the analytic result (17) which shows that the dependence on the type of perturbation is a next-to-leading-order effect (expanding in inverse powers of the angular momentum quantum number). Similar results hold for higher harmonics as well. In figure 5 , in addition to the type of perturbation, the magnetic quantum number m is also allowed to vary. For the potential V 1 (14) , the real part decreases as the parameter p labeling the type of perturbation decreases and the real part of the frequency for V 2 (15) is lower than the rest. The imaginary part of the frequency exhibits a similar behavior for the potential V 1 with the imaginary part of the frequency of V 2 being second-to-lowest.
The numerical accuracy of the analytic expression for quasi-normal frequencies (eqs. (17), (18) and (20)) is explored in Tables IV and V . Evidently, the agreement is fairly good throughout the range of b, for both high and low brane tension. The agreement becomes better as the angular momentum quantum number ℓ 3 increases, as expected. The tables only show results for the fundamental frequency, however similar agreement is obtained for higher higher harmonics.
IV. CONCLUSIONS
We analyzed the effect of brane tension on the low-lying quasi-normal modes of a black hole localized on a tense 3-brane in six flat dimensions [25] . In the presence of the brane, the symmetry is no longer spherical resulting in angular wave equations for which an analytic solution is not available. The properties of the black hole as the brane tension varies were studied numerically [26] as well as analytically to first order in the tension [27] . We presented This enabled us to obtain explicit analytic expressions for quasi-normal modes of various types of perturbation. We compared the analytic expressions to numerical results using 3rd-order WKB approximation and found good agreement. We discussed the effect of brane tension on the frequencies. For low tension (b → 1), we recovered the results of spherical geometry (Schwarzschild black hole). For high tension (b → 0), the imaginary part of all frequencies (damping) was seen to vanish as b 1/3 (being inversely proportional to the radius Understanding the effects of brane tension is important in relation to the detection of black holes at the LHC. This is a difficult study due to the lack of solutions to the Einstein equations describing black holes localized in branes of finite tension. As far as we know, 
